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I INTRODUCTION AND OVERVIEW 

This is the final report of the 1985-86 Claremont Graduate School and 

Claremont McKenna College Mathematics C1 inic concerning a problem proposed 

by the Intelligence Analysis Group at the Jet Propulsion Laboratory. The 

problem is to determine confidence regions for the location of objects or 

emitters on which bearings are taken from two or more sensors whose 

positions are known. 

This problem for the two-sensor case was studied by a different clinic 

during the 1984-85 academic year. This clinic studied the classical 

approach to determining such regions which involved the assumption that an 

error of observation of the line o f  bearing displaces the line parallel to 

itself. By dropping this assumption, they found that the classical 

probability regions, which are ellipses, contained.only 50% to 80% o f  the 

probability claimed. One goal of this year's clinic was to determine the 

reason for this very large discrepancy. As it turned out, the reason was 

neither the dropping o f  the parallel displacement assumption, nor 

computational errors in the clinic's work, but two equations in the original 

publication describing the classical approach were printed incorrectly. 

These errors are probably transcription errors, but no corrections or 

references to them were found in a search of the relevant literature. 

In Section 11, the two-sensor problem i s  described. The parallel 

displacement assumption is dropped. Based on the assumption that errors of 

the reported angles are normally distributed, the probability density 

function of the points of intersection of the computed lines of bearing is 

given. 

In Section I11 and the Appendix, a re-derivation of the equations of 

the classical model is carried out and the correct equations for the 
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probability regions (called Stansfield ellipses) are determined. 

In Section IV, it is shown that the Stansfield ellipses as corrected by 

the clinic, actually contain the claimed probabilities with only very minor 

differences. However, the densities above and below the location of the 

emitter are different due to the dropping of the parallel displacement 

assumption. The contour maps shown in figure 5 show this clearly. 

In Sections V and VI, two new probability regions are developed, the 

"Clinic region" and the "Image region". These are attempts at determining 

probability regions which contain the same probability as a Stansfield 

ellipse, but whose areas are smaller than the area of the ellipse. 

In Section VII, the Clinic, Image and Stansfield regions are analyzed. 

It is shown that the Image region is not as "efficient" (larger area for 

given probability) as the Clinic and Stansfield regions. The Clinic region, 

on the other hand, is smaller than the Stansfield ellipse for a given level 

of probability, but the difference is so small that it is hardly worth the 

effort to determine this much more complicated region. However, the 

geometric center of the Clinic region moves from below to above the true 

location of the emitter as the desired probability of the region is 

increased (see figure 13), while the geometric center of the Stansfield 

ellipse remains fixed. This result may be of practical value. 

In Section VIII, the clinic approaches the three-sensor problem in a 

manner similar to the two-sensor analysis. The purpose is to find the true 

density function when the parallel displacement assumption is dropped. 

Several approaches are taken to obtain a discrete probability density 

function t o  approximate the true density function, which is continuous. The 

different approaches produce very different results. More work should be 

done in this area. 



I 
I 
I 
I 
I 
I 
I 
I 
‘I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 

4 

Section I X  is very different from the other sections. Here, a model 

for a single, active sensor problem is developed. An active sensor measures 

both direction and distance, taking readings from two different locations. 

Under the assumption that the systematic errors (direction and distance) are 

the only significant errors, a scheme to determine the true location o f  the 

enitter is presented. 
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I1 THE TWO-SENSOR PROBLEM 

Given an o b j e c t  o r  e m i t t e r  o f  unknown p o s i t i o n ,  we wan t  t o  d e t e r m i n e  

i t s  l o c a t i o n  u s i n g  a number o f  sensors. We b e g i n  w i t h  t h e  two-sensor  c a s e .  

The e m i t t e r  i s  l o c a t e d  a t  t h e  i n t e r s e c t i o n  o f  t h e  t w o  l i n e s  o f  b e a r i n g  

determined b y  t h e  two angles o f  bear ing a. and 8, as  s h o ~ n  i n  f i g u r e  1 a t  

t h e  end o f  t h e  r e p o r t .  

We assume t h e  s e n s o r s  may r e p o r t  f a l s e  r e a d i n g s  and t h e  g o a l  i s  t o  

determine a con f idence  r e g i o n  f o r  the l o c a t i o n  o f  t h e  e m i t t e r .  Towards t h i s  

end, t h e  c l i n i c  cons idered t h e  r e l a t e d  p r o b l e m  o f  f i n d i n g  a r e g i o n  w h i c h  

c o n t a i n s  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  l i n e s  o f  b e a r i n g  w i t h  a s p e c i f i e d  

amount o f  p r o b a b i l i t y ,  g i ven  t h a t  t h e  t r u e  l o c a t i o n  o f  t h e  e m i t t e r  i s  known. 

Our a s s u m p t i o n  i s  t h a t  g i v e n  t h e  t r u e  l o c a t i o n  o f  an e m i t t e r ,  t h e  

read ings  t h e  s e n s o r s  r e t u r n  a r e  random v a r i a b l e s ,  A and B, d i s t r i b u t e d  

n o r m a l l y  w i t h  means equal t o  t h e  t r u e  angles o f  bear ing,  and v a r i a n c e s  o A Z  

and 0 ~ ~ .  We assume t h e  two sensors a re  independent, s o  we have t h e  r e s u l t  

t h a t  t h e  p a i r  o f  read ings  has t h e  b i v a r i a t e  normal d i s t r i b u t i o n .  Hence, t h e  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  ( A , B )  i s  

O A  

where t h e  va lues of t h e  random v a r i a b l e s  A and B are  denoted b y  a and B, and 

a. and Bo a r e  t h e  t r u e  angles o f  bearing. 

However, t h e  l o c a t i o n  o f  t h e  e m i t t e r  i s  t o  be g i v e n  as a p o i n t  i n  t h e  

x,y p lane,  and t h e  random v a r i a b l e s  a r e  i n  t h e  a,B p l a n e  ( s e e  f i g u r e  2 ) .  

The mapping of  a p o i n t  f rom t h e  a,B plane t o  t h e  x,y p l a n e  i s  g i v e n  b y  ( n e x t  

Page 1 
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Dotan( B )  

t a n ( B )  - t a n ( a )  
x =  

6 

D t a n  (a) t a n  (B) 

t a n ( B )  - t a n ( a )  
Y =  

Since t h e  r e p o r t e d  angles o f  b e a r i n g  a r e  random v a r i a b l e s ,  and each  

p a i r  o f  r e p o r t e d  angles u n i q u e l y  descr ibes a p o i n t  i n  t h e  x,y p l a n e ,  we can 

t r a n s f o r m  t h e  d e n s i t y  f rom t h e  a,B plane t o  a d e n s i t y  i n  t h e  x,y p lane.  We 

assume t h e  j o i n t  d e n s i t y  o f  A and B i s  g i v e n  b y  e q u a t i o n  (1) , f ( a , B ) .  We 

d e f i n e  two new random v a r i a b l e s  X and Y as f u n c t i o n s  o f  A and B: 

D - tan  (B) 

t a n ( B )  - t a n ( A )  
x =  

D * t a n ( A ) t a n ( B )  
Y =  

t a n ( B )  - t a n ( A )  

E q u i v a l e n t l y ,  A and B can be w r i t t e n  as f u n c t i o n s  o f  X and Y 

A = Arctan[Y/X] 

B = Arctan[Y/(X-D)]  

The j o i n t  d e n s i t y  o f  X and Y i s  then s i m p l y  

g (  x , y) = f {A rc tan [y / x ]  ,Arctan[ y / (  x-D) ] ] I J I 
where IJI i s  t h e  abso lu te  va lue  o f  the Jacobian 

& &  
6 x  6y 

9 a s  
6 x  6y 

J =  

The d e n s i t y  i s  t hen  

( 4 )  

( 5 )  

[A rc tan  ( Y l x ) - A r c t a n ( Y o / x o ) ]  + [A rc tan  (y/ ( x - D )  ) -Arctan ( y o / (  xo-D) ) J * 

O A  O B  ' 

( 7 )  
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where (Xo,yo)  i s  the  in t e r sec t ion  o f  t he  l i n e s  o f  bear ing .  

t o  the point (ao,Bo). 

I t  c o r r e s p o n d s  

Undoubtedly, th is  dens i ty  function makes meaningful ana lys i s  d i f f i c u l t .  

Therefore some other a t tack  i s  called fo r .  In t h e  f o l l o w i n g  s e c t i o n s ,  we 

wil l  descr ibe and compare d i f f e r e n t  approaches t o  t h e  two-sensor  problem. 

This wi l l  i n c l u d e  t h e  c l a s s i c a l  method d e v i s e d  b y  R.G. S t a n s f i e l d ,  a:ld 

numerical techniques devised by  the  c l i n i c .  
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I11 CLASSICAL APPROACH 

Last year's clinic reported that the classical approach to finding 

probability regions yielded ellipses which contained only approximately 50% 

to 80% of the probability claimed. Because of the magnitude o f  this 

discrepancy, we checked this method to see if the previous clinic had made 

an error. We also needed to understand the classical approach so that we 

could compare it to other methods of analysis. 

The classical approach was developed primarily by R.G. Stansfield 

during World War I1 and published in 1947 (reference 1). Because of the 

complexity of the density function ( 7 ) ,  and because he obviously did not 

have access to computers, Stansfield made a simplifying assumption o f  

parallel displacement of lines of bearing. This assumption translates 

angular error to distance error and allows the problem to be modelled using 

a bivariate normal distribution. 

His measure of error is the distance from the true location of the 

emitter (or target) to the reported line of bearing. It is defined as the 

length of a line segment perpendicular t o  the true line .of bearing that 

meets'the reported line of bearing (see figure 3). This distance is labeled 

P1. The distance from the true location of the emitter to the sensor is D1, 

and the angular error is $ .  

The standard deviation in Stansfield's work is estimated using the fact 

that for small angles sin($) is approximately equal to $. Also, the 

distance D1 can be estimated with reasonable accuracy by the distance D1' 

(see figure 3 ) .  By the simple trigonometry of the model, we know that 

P1 = D1 x sin($) (8)  

which can be estimated as 

P1 = D1' x $ (9) 
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Stansfield's standard deviation is then the distance 01' times the standard 

deviation of the angular reading (in radians). 

To carry this model to the two-sensor case, errors P1 and P2 will be 

associated with each of the two sensors. Stansfield assumes that these 

distance errors are independent and that each error can be modeled as a 

normal probability distribution about a mean of 0 and a standard deviation 

described above. Therefore, we have a joint normal probability distribution 

with the random variables P1 and P2. The density function is 

1 p l 2  p22 
f(PLP2) = exp[-;(- + -)I (10) 

2*0102 L 012 022 J 

We now need this distribution written in terms of points rather than 

the distances P1 and P2. Here, Stansfield makes use of his assumption of 

parallel displacement o f  the lines o f  bearing. With the distance 

measurements P1 and P2, there is associated a unique parallelogram with one 

vertex at the true location of the emitter (see figure 4). For each pair o f  

distances, there i s  also a unique point which is the vertex opposite the 

true location. Hence, the distances can be converted into points with (x,y) 

coordinates (see figure 4). Again, making use o f  the trigonometry of the 

model, we can rewrite P1 and P2 i n  terms of the opposite vertex points 

P1 = -xsinu + ycosu 

P2 = -xsinB + y c o s ~  

With this conversion formula, Stansfield transforms the bivariate 

normal density, replacing P1 and P2 and multiplying by the appropriate 

Jacobian determinant. The exponential term 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

thus becomes 

1 1 
-[(-sina)x + (cosa)~]' + -[(-sins)x + (cosS)YI~ 

This can be more easily handled by setting 

sinZa sin28 
A = - +  

02 

sina cosa Sin8 cos8 
+ - v -  

012 

cos2a COS'B 
p=-+- 

O l z  02 

so that the exponential term can now be written as 

A X 2  - 2vxy + llyz 

The Jacobian determinant may also be simplified and written as 

/-xu - v 2  

Having completed the transformation from distance measures to points, the 

joint normal density now looks like 

J-hP - v z  
g(x9Y) = exp[-+(xx2 - 2 ~ x y  + vy2)] 

27r 

This probability density can be put into a more convenient form by a 

rotation o f  axes to eliminate the ' xy '  term. Setting 

- 2v 
tan(20) = - 

i - u  

the rotation i s  given by 

x = x'cos0 - y'sin0 
y = x'sin0 + y'cos0 

Note: where Stansfield uses capital X and Y, we are using x' and y '  t o  avoid 

confusion between random variables ( X  and Y )  and variables denoting a 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

11 

rotation of axes. 

If these values for x and y are substituted back into the original 

equation, the result is 

1 
+ -y '2 '2 

1 

a2 b2 
AxZ - 2vxy + pyz = -x 

where 

1 

a2 

1 

b2 

- =  xc0s20 - 2Vcos0 sin0 + usin20 

- =  XsinzO + 2vcos0 sin0 + pc0s20 
( 1 7 )  

At this point in Stansfield's derivation, an error appears in the original 

publication. Please see the appendix for a discussion of the error. 

F o r  this transformation, which was unaffected by the error, the 

Jacobian determinant conveniently reduces to 1. Thus, after two 

transformations, one to switch from distances to points, and another to 

rotate axes, we wind up with a joint normal probability distribution with 

respect to x',y' coordinates, whose density is given by 

r 1  1 1 

Stansfield's assumption of parallel displacement allows him to make 

these transformations. Without it, there would be no meaningful way to move 

from the distance errors P1 and P2 to x,y coordinates. The resulting 

expression is the relatively tractable bivariate normal distribution. In 

fact, one of the properties of the bivariate normal is that the most 

efficient probability regions will be perfect ellipses determined by the 

equation (next page) 
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1 1 

a2 b2 
-x'z + -ya2 = -2Ln(l-p) 

where p i s  the level o f  probability desired. 

A s  noted in the appendix, the formulas for the coefficients a and b 

above are printed incorrectly in Stansfield's paper. The incorrect version 

makes the values of a and b larger than they should be. Thus, ellipses 

generated from the incorrect version would be t o o  small and capture far less 

probability than claimed. This would explain the discrepancy in last year's 

results. 
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I V  CLINIC ANALYSIS OF STANSFIELD ELLIPSES 

With S t a n s f i e l d ' s  d e n s i t y  (18),  t h e  p r o b l e m  o f  f i n d i n g  a p r o b a b i l i t y  

r e g i o n  i s  g r e a t l y  s i m p l i f i e d .  F o r  any t w o  a n g l e  r e a d i n g s  a and 6 ,  and a 

d e s i r e d  l e v e l  o f  p r o b a b i l i t y ,  p, an e l l i p s e  can be formed w h i c h  s u p p o s e d l y  

c o n t a i n s  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  r e p o r t e d  l i n e s  o f  b e a r i n g  w i t h  

p r o b a b i l i t y  p. However, because of  t he  s i m p l i f y i n g  a s s u m p t i o n  o f  p a r a 1  l e 1  

d i s p l a c e m e n t ,  t h e  e l l i p s e  w i l l  n o t  c o n t a i n  e x a c t l y  t h a t  a m o u n t  o f  

p r o b a b i l i t y .  The c l i n i c  t h e r e f o r e  t e s t e d  t h e  a c c u r a c y  o f  t h e  S t a n s f i e l d  

e l l i p s e  as a p r o b a b i l i t y  reg ion .  
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G i v e n  a r e g i o n ,  R, i n  t h e  x , y  p l a n e ,  and g i v e n  a t w o  d i m e n s i o n a l  

d e n s i t y ,  g(x,y) ,  one can determine how much p r o b a b i l i t y  i s  con ta ined  i n  R b y  

e v a l u a t i n g  t h e  i n t e g r a l  

f f  

1 1 g ( x y y )  dA R 

The c l i n i c  performed t h e  i n t e g r a t i o n  l e t t i n g  R be a S t a n s f i e l d  e l l i p s e ,  and 

g(x,y)  t h e  d e n s i t y  g i v e n  b y  ( 7 ) .  However, s i n c e  we c o u l d  n o t  a n a l y t i c a l l y  

i n t e g r a t e  g(x,y) ,  we used numerical  methods on t h e  computer. 

To v e r i f y  t h e  accuracy o f  t h e  numerical  r e s u l t s ,  t h e  c l i n i c  e v a l u a t e d  

t h e  double i n t e g r a l  u s i n g  bo th  an e x i s t i n g  I n t e r n a t i o n a l  M a t h e m a t i c s  and 

S t a t i s t i c s  L i b r a r y  ( IMSL) s u b r o u t i n e  (DBLIN) ,  and a m o d i f i e d  S i m p s o n ' s  

i n t e g r a t i o n  a l g o r i t h m  w r i t t e n  b y  t h e  c l i n i c .  The t w o  methods  y i e l d e d  

v i r t u a l l y  t h e  same r e s u l t s .  

By v a r y i n g  t h e  l e v e l s  o f  p r o b a b i l i t y  over  t h r e e  s e t s  o f  a n g l e  r e a d i n g s  

w i t h  o = 2 . 0 ° ,  we c o n s i s t e n t l y  found t h a t  t h e  amount o f  p r o b a b i l i t y  c l a i m e d  

b y  S t a n s f i e l d  was v e r y  c l o s e  t o  t h e  amount a c t u a l l y  con ta ined  i n  an  e l l i p s e  

( s e e  t a b l e  1 a t  t h e  e n d  o f  t h i s  s e c t i o n ) .  A n y  d i s c r e p e n c i e s  w e r e  

i n s i g n i f i c a n t  and may be p a r t i a l l y  due t o  numer ica l  app rox ima t ion  e r r o r .  
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1 4  

wever, t h i s  c o n c l u s i o n  ho lds  o n l y  if S t a n s f i e l d  e l l i p s e s  as c o r r e c t e d  

b y  t h e  c l i n i c  a r e  used. E l l i p s e s  der ived d i r e c t l y  f r o m  S t a n s f i e l d ' s  p a p e r  

( r e f e r e n c e  1, p. 768, equa t ions  (15) ,  ( 1 6 ) ,  and ( 1 7 ) ) ,  c o n t a i n  o n l y  a b o u t  

50% t o  80% o f  t h e  p r o b a b i l i t y  c l a i m e d ,  w h i c h  i s  wha t  l a s t  y e a r ' s  c l i n i c  

concluded. 

We then  examined t h e  d i f f e r e n c e  between t h e  p r o b a b i l i t y  i n  t h e  t o p  and 

bot tom ha lves  o f  an e l l i p s e .  Under S t a n s f i e l d ' s  a s s u m p t i o n  o f  p a r a l l e l  

d isplacement,  t h e  p r o b a b i l i t i e s  i n  t h e  t o p  and b o t t o m  h a l v e s  a r e  e q u a l .  

However, upon d ropp ing  t h e  p a r a l l e l  d isplacement assumpt ion ,  we found  t h a t  

t h e  p r o b a b i l i t i e s  con ta ined  i n  t h e  top and b o t t o m  h a l v e s  a r e  a c t u a l l y  n o t  

equal .  I ns tead ,  t h e  t o p  h a l f  c o n s i s t e n t l y  c a p t u r e s  l e s s  p r o b a b i l  i t y  t h a n  

t h e  bot tom h a l f ,  a l t hough  s u r p r i s i n g l y ,  t h e  sum o f  t h e  two h a l v e s  come v e r y  

c l o s e  t o  t h e  t o t a l  p r o b a b i l i t y  des i red (see t a b l e  2 ) .  

A t  h i g h e r  p r o b a b i l i t y  l e v e l s ,  the percentage d i f f e r e n c e  between t h e  t o p  

and bot tom ha lves  i s  s m a l l e r  r e l a t i v e  t o  t h a t  o f  lower  l e v e l s .  To e x p l a i n  

t h i s ,  we examined a c o n t o u r  map o f  t h e  c l i n i c  d e n s i t y ,  a s  w e l l  a s  

p r o b a b i l i t y  bands f o r  t h e  S t a n s f i e l d  e l l i p s e .  The c o n t o u r  map ( s e e  f i g u r e  

5 )  g r a p h i c a l l y  d e m o n s t r a t e s  t h a t  t h e  p r o b a b i l i t y  i n  t h e  l o w e r  h a l f  i s  

concen t ra ted  neare r  t h e  c e n t e r  o f  the e l l i p s e ,  w h i l e  t h e  p r o b a b i l i t y  i n  t h e  

upper h a l f  i s  more d ispersed.  As we i n c r e a s e  t h e  d e s i r e d  p r o b a b i l i t y  l e v e l ,  

t h e  r a t e  a t  w h i c h  t h e  u p p e r  h a l f  o f  t h e  e l l i p s e  c a p t u r e s  p r o b a b i l i t y  

i nc reases  r e l a t i v e  t o  t h e  r a t e  o f  the l ower  h a l f .  

We a l s o  exp lo red  t h i s  i s s u e  o f  d e n s e r  b o t t o m  h a l f  p r o b a b i l i t i e s  b y  

l o o k i n g  a t  e l l i p s e s  i n  terms o f  e i g h t  p r o b a b i l i t y  bands of  equal  w i d t h  ( s e e  

f i g u r e  6 ) .  We c o n s i s t e n t l y  f o u n d  bands c l o s e  t o  t h e  c e n t e r  b e l o w  t h e  

l o c a t i o n  o f  t h e  e m i t t e r  t o  c o n t a i n  more p r o b a b i l i t y  t han  co r respond ing  bands 

above, w h i l e  t h e  o p p o s i t e  was t r u e  f o r  corresponding bands f u r t h e r  away f rom 
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t h e  c e n t e r  (see t a b l e  3) .  T h i s  i n d i c a t e s  t h a t  when t h e  S t a n s f i e l d  e l l i p s e  

i s  made l a r g e  enough, most o f  t h e  a d d i t i o n a l  p r o b a b i l i t y  must come f r o m  t h e  

upper h a l f .  

Al though S t a n s f i e l d ' s  p a r a l l e l  d i s p l a c e m e n t  a p p r o x i m a t i o n  i s  n o t  a 

s t r i c t  d e p i c t i o n  o f  r e a l i t y ,  h i s  method i s  a s i m p l e  way t o  f i n d  a r e g i o n  

which c o n t a i n s  a d e s i r e d  l e v e l  o f  p r o b a b i l i t y .  T h i s  does  n o t  n e c e s s a r i l y  

mean, however, t h a t  h i s  r e g i o n s  a r e  the  "most e f f i c i e n t " ,  i n  t h e  sense t h a t  

t h e y  c a p t u r e  t h e  d e s i r e d  l e v e l  o f  p r o b a b i l i t y  i n  t h e  s m a l l e s t  p o s s i b l e  area. 

The c l i n i c  wanted t o  f i n d  o u t  i f  i t  was p o s s i b l e  t o  c a p t u r e  t h e  same amount 

o f  p r o b a b i l i t y  i n  s m a l l e r  reg ions .  Sec t i ons  V and V I  d e s c r i b e  r e g i o n s  we 

examined. 
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, 
TABLE 1 

Angle r e a d i n g s  a r e  g i v e n  a s  a/B 

80/110 50160 40/150 --------------- --------------- --------------- 
C 1  aimed Actua l  Actual  Actua l  

Prob .  Prob .  % Oiff Prob.  % D i f f  Prob.  % D i f f  

0.25 0.2512 0.46 0.2622 4.89 0.2500 - 
0.50 0.5029 0.58 0.5287 5.73 0.5000 - 
0.75 0.7504 0.06 0.7452 -0.65 0.7495 -0.07 

0.95 0.9396 -1.09 0.8791 -7.46 0.9490 -0.10 

0.99 0.9802 -0.99 0.9225 -6.81 0.9897 -0.07 

Note: a = 2.0" and the d i s t a n c e  between s e n s o r s  i s  1000. 
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TABLE 2 

80/110 ------ 
Claimed 

Prob.  To P Bottom T o t a l  % D i f f  

0.25 0.1152 0.1350 0.2512 16.24 
0.50 0.2279 0.2750 0.5029 20.70 
0.75 0.3419 0.4085 0.7504 19.47 
0.95 0.4475 0.4921 0.9396 9.96 
0.99 0.4788 0.5014 0.9802 4.73 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

50/60 ----- 
C 1  aimed 

Prob.  To P Bottom T o t a l  % D i f f  

0.25 0.1006 0.1616 0.2622 60.57 
0.50 0.1903 0.3384 0.5287 77.80 
0.75 0.2828 0.4624 0.7452 63.54 
0.95 0.3811 0.4980 0.8791 30.69 
0.99 0.4220 0.5005 0.9225 18.60 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

40/150 ------ 
Claimed 

Prob.  T O P  Bottom T o t a l  % D i f f  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
0.25 0.1244 0.1256 0.2500 0.94 
0.50 0.2480 0.2520 0.5000 1.62 
0.75 0.3701 0.3794 0.7495 2.54 
0.95 0.4654 0.4836 0.9490 3.91 
0.99 0.4838 0.5055 0.9893 4.49 

N o t e :  a = 2 . 0 '  a n d  t h e  d i s t a n c e  b e t w e e n  t h e  t w o  s e n s o r s  i s  1 0 0 0 .  
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TABLE 3 

801110 50160 401150 

Top Band 0.01276 0.01855 0.00982 
------- ----- ------ 

2nd Band 0.05649 0.05355 0.05157 

3rd Band 0.15208 0.11777 0.15229 

4 t h  Band 0.26707 0.23219 0.27010 

5 t h  Band 0.28376 0.33246 0.27993 

6 t h  Band 0.16456 0.16390 0.16453 

7 t h  Band 0.04578 0.00416 0.05298 

Bottom Band 0.00491 0.00000 0.00807 

T o t a l  Prob.  0.98742 0.92258 0.98929 
------- ------- ------- 

Note: o = 1.0" f o r  the  801110 c a s e  and 2.0'  fo r  t h e  o t h e r  two c a s e s  
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V CLINIC REGION 

The c l i n i c  a t t e m p t e d  t o  f i n d  a p r o b a b i l i t y  r e g i o n  t h a t  was m o r e  

e f f i c i e n t  than t h e  S t a n s f i e l d  e l l i p s e .  That i s ,  we wanted t o  pack a s  much 

p r o b a b i l i t y  i n t o  t h e  s m a l l e s t  area. We hoped t o  be a b l e  t o  do t h i s  when we 

dropped t h e  p a r a l l e l  d isp lacement  assumption. But  as we have seen, when we 

drop t h i s  assumption, t h e  r e s u l t i n g  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  v e r y  

compl icated.  Hence, we a t t a c k e d  the problem u s i n g  a d i f f e r e n t  method. 

We f i r s t  examined t h e  p r o b a b i l i t y  o f  a s e n s o r  r e t u r n i n g  a r e a d i n g  

r e s u l t i n g  i n  a l i n e  o f  b e a r i n g  i n s i d e  a s p e c i f i e d  s e c t o r  o r  " f a n " .  I n  

f i g u r e  7, t h e  t r u e  b e a r i n g  i s  a, but we assume t h e  r e a d i n g  sensor 1 r e t u r n s  

i s  a random v a r i a b l e ,  A, d i s t r i b u t e d  n o r m a l l y  w i t h  mean a and v a r i a n c e  0 ~ 2 .  

Hence, we can e a s i l y  determine P(al<A<aZ). It i s  s i m p l y  P ( A < a Z ) - P ( A < a l ) .  

And s i n c e  we assume t h e  u n d e r l y i n g  p r o b a b i l i t y  d i s t r i b u t i o n  i s  t h e  n o r m a l ,  

we can compute c l o s e  approx imat ions t o  these p r o b a b i l i t i e s  on t h e  computer. 

N e x t ,  we d i d  t h e  same f o r  t h e  second s e n s o r ,  s o  t h a t  we have  t h e  

p r o b a b i l i t y  t h a t  sensor 2 r e t u r n s  a r e a d i n g  i n s i d e  t h e  f a n  be tween  b l  and 

b2 (see f i g u r e  8 ) ,  where B i s  d i s t r i b u t e d  n o r m a l l y  w i t h  mean 8 and v a r i a n c e  

'152. 

The two fans  i n t e r s e c t  and form a q u a d r i l a t e r a l .  The p r o b a b i l i t y  t h a t  

t h e  two sensors r e t u r n  r e a d i n g s  which i n t e r s e c t  i n s i d e  t h e  q u a d r i l a t e r a l  i s  

s i m p l y  t h e  p r o b a b i l i t y  t n a t  s e n s o r  1 r e t u r n s  a r e a d i n g  i n s i d e  f a n  1 and 

sensor 2 r e t u r n s  a r e a d i n g  i n s i d e  f a n  2. We assume t h e  t w o  s e n s o r s  a r e  

independent, so t o  f i n d  t h e  p r o b a b i l i t y  o f  t h e  q u a d r i l a t e r a l ,  we m u l t i p l y  

t h e  p r o b a b i l i t i e s  o f  t h e  fans. 

The n e x t  s t e p  was t o  f o r m  t h e  3 - a  f a n s  ( s e e  f i g u r e  9 ) .  T h a t  i s ,  we 

found t h e  f a n  formed b y  moving t 3 a  degrees  f r o m  a, and t h e  f a n  f o r m e d  b y  

moving *30 degrees from B .  The reason we use t h e s e  3-0 f a n s  i s  s imple.  The 
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quadrilateral formed by the intersection o f  these fans contains 99.5% of the 

total probability. To capture l o o ” / ,  we would have to examine the entire 

plane, which is simply not possible. So we only look at a subset of the 

plane, but we choose a subset such that we lose only 0 . 5 %  o f  the 

probability. 

We broke this quadrilateral up into smaller subquadrilaterals, 

recording the area and probability o f  each. As can be seen in figure 10, 

each subquadrilateral has a different area. That means that while two 

subquadrilaterals may have the same probability, their densities are 

different. In other words, the amount of probability they pack into a unit 

area is different. 

We then made a very fine grid o f  3600 subquadrilaterals and took those 

of highest density to form a probability region. Since they were of highest 

density, they contained the most probability in the smallest area. We made 

a list o f  the subquadrilaterals, ordering them from highest density to 

lowest. We formed a probability region by connecting subquadrilatsrals 

together, starting at the top of the list and moving down until we reached 

the desired level of probability. The areas of these subquadrilaterals were 

added together to determine the total area of our probability region. Since 

every one of the subquadrilaterals in the region was of higher density than 

the subquadrilaterals outside, we concluded that this was the most efficient 

probability region. 

In plotting our region, rather than finding and drawing possibly 

hundreds of quadrilaterals linked together, we assigned the probability of a 

subquadrilateral to its center point. In this way we obtained a list of 

points to represent the subquadrilaterals. The probability region was then 

the convex hull of these points. 
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We d e f i n e d  t h e  c e n t e r  p o i n t  o f  a s u b q u a d r i l a t e r a l  as t h e  p o i n t  o f  

i n t e r s e c t i o n  o f  t h e  two l i n e s  of bear ing t h a t  b i s e c t  t h e  f a n s  f o r m i n g  t h e  

s u b q u a d r i l a  e r a l .  The r e s u l t i n g  g r i d  o f  c e n t e r  p o i n t s  c o u l d  a l s o  b e  

considered a d i s c r e t i z a t i o n  of  t h e  c o n t i n u o u s  p r o b a b i l  i t y  d e n s i t y .  T h i s  

d i s c r e t i z a t  o n  i s  p o s s i b l e  because t w o  l i n e s  o f  b e a r i n g  w i l l  a l w a y s  

i n t e r s e c t  a t  a p o i n t .  When we move t o  t h e  three-sensor  case, however, t h r e e  

l i n e s  o f  b e a r i n g  v i r t u a l l y  never i n t e r s e c t  a t  a p o i n t ,  and a d i s c r e t i z a t i o n  

o f  t h e  d e n s i t y  i s  t h e r e f o r e  f a r  more d i f f i c u l t  (see s e c t i o n  VIII ) .  
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V I  I M A G E  REGION 

A n o t h e r  a p p r o a c h  t h e  c l i n i c  examined  was a m a p p i n g  o f  t h e  m o s t  

e f f i c i e n t  p r o b a b i l i t y  r e g i o n  i n  the  a,B p l a n e  t o  t h e  x,y p lane.  Our r e s u l t s  

showed t h a t  t h i s  approach i s  n o t  as e f f i c i e n t  as t h e  S t a n s f i e l d  and C l i n i c  

met hods . 
R e c a l l  t h a t  we have assumed t h a t  t h e  r e a d i n g s  t h e  t w o  s e n s o r s  r e t u r n  

The j o i n t  d e n s i t y  a r e  random v a r i a b l e s ,  A and 6, each d i s t r i b u t e d  no rma l l y .  

o f  A and B i s  t h e r e f o r e  

A r e s u l t  o f  t h i s  assumption i s  t h a t  i n  t h e  a,B p l a n e ,  t h e  mos t  e f f i c i e n t  

p r o b a b i l i t y  r e g i o n  i s  an e l l i p s e  o f  t h e  form 

2 ( B - B o )  
+ = -2Ln( l -p)  (20  1 

O A Z  O B  

where p i s  t h e  d e s i r e d  l e v e l  o f  p r o b a b i l i t y .  We assume 0 ~ 2  = o B 2 ,  w h i c h  

i m p l i e s  t h e  p r o b a b i l i t y  r e g i o n  i s  a c i r c l e .  

We then  found t h e  image o f  t h i s  c i r c l e  ( d i s c )  i n  t h e  x,y p l a n e  ( h e n c e  

t h e  name "Image r e g i o n " ) .  That i s ,  we had a c i r c l e  i n  t h e  a,B p l a n e ,  and 

t ransformed i t  e n t i r e l y  i n t o  t h e  x , y  p l a n e  u s i n g  t h e  mapping 

Dotan ( B )  

t a n ( B )  - t a n ( a )  
x =  

0 - t a n ( a ) t a n ( B )  

t a n ( B )  - t a n ( a )  
Y =  

T h i s  r e g i o n  i s  v e r y  d i f f i c u l t  t o  determine a n a l y t i c a l l y .  Therefore,  we used 

an approx ima t ion  t o  t h e  Image reg ion.  

We found 360 p o i n t s  on t h e  boundary o f  t h e  c i r c l e  i n  the  u,B p l a n e  and 

performed a p o i n t  b y  p o i n t  t r a n s f o r m a t i o n  i n t o  t h e  x,y p l a n e  u s i n g  f o r m u l a s  
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2 3  

(21) .  T h i s  c r e a t e d  a r e g i o n  i n  t h e  x,y p l a n e  t h a t  r e s e m b l e s  an e l l i p s e .  

The area o f  t h i s  r e g i o n  was c a l c u l a t e d  b y  t h e  v e c t o r  f o r m u l a  f o r  t h e  a rea  o f  

a polygon: 

Area = ~ ( x ~ Y ~ + x Z Y ~ + .  . .+xnY1 - y 1 ~ 2 - ~ 2 ~ 3 - .  . . - y n x l )  (22) 

S i n c e  we a r e  a p p r o x i m a t i n g  t h e  a r e a  i n s i d e  a s m o o t h  c u r v e  b y  

c a l c u l a t i n g  t h e  area of an i n s c r i b e d  polygon, t h e r e  w i l l  be some e r r o r  i n  

t h e  c a l c u l a t i o n s ,  b u t  t h e  f o l l o w i n g  a n a l y s i s  shows t h a t  t h i s  e r r o r  i s  sma l l .  

We examined t h e  accuracy o f  t he  v e c t o r  f o r m u l a  ( 2 2 )  i n  a p p r o x i m a t i n g  

t h e  a rea  o f  an e l l i p t i c a l  r e g i o n  b y  g e n e r a t i n g  36 unevenly-spaced p o i n t s  on 

an e l l i p s e .  We then  compared t h e  area o f  t h e  polygon f o r m e d  b y  t h e  convex  

h u l l  o f  t hese  p o i n t s  u s i n g  ( 2 2 )  t o  t h e  a r e a  o f  a t r u e  e l l i p s e ,  w h i c h  i s  

g iven  b y  t h e  fo rmu la  nab where a and b a re  t h e  l e n g t h s  o f  t h e  a x e s  o f  t h e  

e l l i p s e .  These p o i n t s  were ob ta ined  b y  mapping e q u a l l y - s p a c e d  p o i n t s  on a 

c i r c l e  t o  an e l l  i p s e  u s i n g  S t a n s f  i e l d  ' s t r a n s f o r m a t i o n  ( s e e  r e f e r e n c e  1, 

equa t ions  9 and 10 ) .  

When we used 36 p o i n t s ,  t h e  r e l a t i v e  e r r o r  o f  t h e  a p p r o x i m a t i o n  was 

0.005. For 360 p o i n t s ,  t h e  r e l a t i v e  e r r o r  was 0 .00005.  Thus, t h e  v e c t o r  

f o r m u l a  f o r  t h e  a r e a  o f  a p o l y g o n  g i v e s  a s u f f i c i e n t l y  a c c u r a t e  

app rox ima t ion  t o  t h e  t r u e  a rea  o f  the Image r e g i o n .  
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VI1 RESULTS 

The following t ab le s  give comparisons of the C l i n i c  and Image r e g i o n s  

w i t h  Stansf ie ld  e l l i p s e s .  In the instances where the Cl in ic  region d i d  n o t  

contain exac t ly  the  same amount of p r o b a b i l i t y  a s  t h e  S t a n s f i e l d  e l l i p s e ,  

f i gu res  fo r  regions capturing s l igh t ly  more a r e  included. The Image r e g i o n  

always contains the same amount of probabi l i ty  a s  the  S tansf ie ld  e l l i p s e .  

We determined p r o b a b i l i t y  regions ranging from 10% t o  95% f o r  each of  

th ree  s e t s  of a/B readings,  80/110, 50/60, and 85 /95 ,  f o r  s e n s o r s  l o c a t e d  

1000 units apa r t .  In a l l  cases ,  t h e  standard deviation is  1'=1~/180 Rad. 

For the  t a b l e s ,  the  columns a r e  labeled a s  f o l l o w s  

A :  Probabil i t y  captured i n  the  Stansf ie ld  e l  1 ipse 

B :  P robabi l i ty  captured i n  the  Clinic region 

C: Area o f  t h e  Image region 

D: Area of the Stansf ie ld  e l l i p se  

E :  Area of the Clinic  region 

F: Percen tage  d i f f e r e n c e  i n  a r e a s  o f  C l i n i c  r e g i o n  and S t a n s f i e l d  

e l  1 ipse ( 1 - D / E )  
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80/110 ------- 
10% 

2 0% 

30% 

40% 

50% 

60% 

70% 

80% 

90% 

95% 

A 

0.100 

0.200 

0.300 

0.400 

0.501 

0.601 

0.700 

0.800 

0.898 

0.947 

------- B 

0,100 

0.201 

0.301 

0.401 

0.501 

0.601 

0.701 

0.800 

0.898 

0.947 

------- 

*approximation errors 

50/60 ------- 
10% 

20% 

30% 

40% 

50% 

60% 

7 0% 

80% 

90% 

95% 

A 

0.101 

0.202 

0.304 

0.406 

0.508 

0.607 

0.704 

0.797 

0.883 

0.926 

------ B 

0.101 

0.202 

0.304 

0.407 

0.508 

0.608 

0.705 

0.797 

0.883 

0.926 

. - - - - - - 

TABLE 4 

C 
.--------- 

1,494 

3,169 

5,072 

7,272 

9,884 

13,083 

17,208 

23,011 

32,843 

42,478 

TABLE 5 

C 

25,861 

55,470 

89,827 

130,407 

179,325 

240,013 

318,362 

426,177 

595,796 

744,817 

--------- 

D 
.--------- 

1,492 

3,161 

5,053 

7,238 

9,821 

12,983 

17,059 

22,805 

32,627 

42,448 

D 

25,549 

54,111 

86,493 

123,874 

168,086 

222,198 

291,961 

390,285 

--------- 

558,372 

726,459 

E 
.--------- 

1,485 

3,150 

5,042 

7,238 

8,810 

12,992 

17,077 

22,845 

32,597 

42,132 

E 

23,878 

51,106 

82,509 

11 9 , 904 

164,734 

220,215 

291,622 

389,858 

543,290 

677,785 

. - - - - - - - - -  

2 5  

F 

-0.005 

-0.003 

-0.002 

-------- 

- 
-0.001 

0.001* 

0.001* 

0.002* 

-0.001 

-0.008 

F 

-0.070 

-0.059 

-0.048 

-0.033 

-0.020 

-0.009 

-0.001 

-0.001 

-0.028 

-0.072 

.------- 
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85 /95  ------- 
10% 

20% 

30% 

40% 

50% 

60% 

70% 

80% 

90% 

95% 

A 

0.101 

0.202 

0.304 

0.406 

0.508 

0.607 

0.704 

0.797 

.------ 

0. a83 

0.926 

B 

0.102 

0 .202  

0.304 

0.407 

.------ 

0.508 

0.608 

0 .704  

0.797 

0 .883  

0.926 

TABLE 6 

C .--------- 
3 8 , 6 8 4  

82 ,967  

134 ,344  

195 ,019  

268,154 

358,880 

476,015 

637 ,237  

891 ,007  

1,114,062 

D .--------- 
38,219 

80 ,946  

129 ,385  

185 ,304  

251,442 

332,388 

436,746 

583,830 

835 ,272  

1,086,714 

E ---------- 
35,987 

76 ,421  

123 ,621  

1 7 9 , 4 4 8  

246,176 

329 ,836  

436,252 

583,064 

812,860 

1 , 0 1 4 , 3 4 9  

2 6  

F 

-0.062 

-0.059 

-0.047 

-0.033 

-0.021 

-0.008 

-0.001 

-0.001 

.------- 

-0.028 

-0.071 
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2 7  

The Image r e g i o n  was always l a r g e r  t h a n  t h e  S t a n s f i e l d  e l l i p s e ,  even  

though i t  con ta ined  t h e  same l e v e l  o f  p r o b a b i l i t y .  I n  o t h e r  words,  t h e  

Image r e g i o n  was never  as e f f i c i e n t  as  t h e  S t a n s f i e l d  e l l i p s e .  Thus we 

d i s c o n t i n u e d  our a n a l y s i s  o f  t h i s  reg ion.  

On t h e  o t h e r  hand, we see t h a t  t h e  C l i n i c  r e g i o n  as d e s c r i b e d  i n  

s e c t i o n  V i s  v i r t u a l l y  a l w a y s  s m a l l e r  t h a n  t h e  S t a n s f i e l d  e l l i p s e ,  e v e n  

though i t  c o n t a i n s  t h e  same l e v e l  o f  p r o b a b i l i t y  o r  more. Hence, we say t h e  

c l i n i c  r e g i o n  i s  more e f f i c i e n t .  

However, i t  i s  o n l y  s l i g h t l y  more e f f i c i e n t .  The S t a n s f i e l d  e l l i p s e  i s  

a s imp le  a n a l y t i c  r e g i o n  easy t o  compute and draw. The C l i n i c  r e g i o n  i s  

much more d i f f i c u l t  and t i m e - c o n s u m i n g  t o  o b t a i n  and draw.  S i n c e  t h e  

d i f f e r e n c e  i s  so sma l l ,  i t  i s  n o t  c l e a r  whe the r  t h e  g a i n  i n  e f f i c i e n c y  i s  

wor th  t h e  t r o u b l e .  

To examine t h i s  i s s u e ,  we l o o k e d  a t  why t h e  C l i n i c  r e g i o n  was more 

e f f i c i e n t .  We f e e l  t h a t  because t h e  c l i n i c  drops t h e  p a r a l l e l  d i s p l a c e m e n t  

app rox ima t ion  t h e  C l i n i c  r e g i o n  b u i l d s  up and t h e  S t a n s f i e l d  e l l i p s e  b u i l d s  

o u t .  By t h a t  we mean  t h e  C l i n i c  r e g i o n  c h o o s e s  t h e  d e n s e s t  

s u b q u a d r i l a t e r a l s  t o  f u l f i l l  a des i red  l e v e l  o f  p r o b a b i l i t y .  S i n c e  we know 

t h a t  t h e  p r o b a b i l i t y  i s  g e n e r a l l y  denser  b e l o w  t h e  t r u e  l o c a t i o n  o f  t h e  

e m i t t e r  t han  above, a C l i n i c  r e g i o n  c o n t a i n s  more s u b q u a d r i l a t e r a l s  f r o m  

below f o r  lower  l e v e l s  o f  p r o b a b i l i t y .  For h i g h e r  l e v e l s ,  i t  c o n t i n u e s  t o  

append s u b q u a d r i l a t e r a l s  upward a f t e r  most o f  t h e  lower  ones have been used 

(see f i g u r e  11). T h e r f o r e  we say the c l i n i c  r e g i o n  b u i l d s  "up". 

The S t a n s f i e l d  e l l i p s e ,  o n  t h e  o t h e r  h a n d ,  b u i l d s  " o u t ' ' .  F o r  

i n c r e a s i n g  l e v e l s  o f  p r o b a b i l i t y ,  i t  s i m p l y  enc loses t h e  l o w e r  p r o b a b i l  i t y  

l e v e l s  w i t h  l a r g e r  e l l i p s e s  and performs no s h i f t i n g  (see f i g u r e  1 2 ) .  

As a r e s u l t ,  t h e  g e o m e t r i c  c e n t e r  p o i n t s  o f  t h e  C l i n i c  r e g i o n  move 
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2 8  

upward for increasing leve ls  of desired p r o b a b i l i t y  ( s e e  f i g u r e  13 ) .  In an  

e f f o r t  t o  make the Stansf ie ld  e l l i p se  more e f f i c i e n t ,  we a r t i f i c i a l l y  forced 

i t  t o  build up r a the r  than o u t .  We d i d  t h a t  b y  re loca t ing  i t s  center  t o  the 

geometric center  o f  the  Clinic  region a t  the p a r t i c u l a r  p r o b a b i l  i t y  l e v e l .  

We then compared the d e n s i t y  of the  relocated e l l i p s e  t o  the d e n s i t y  of  t h e  

e l l i p s e  when i t  was centered a t  the  in te rsec t ion  of readings. 
TI. . 
irie r e s u l t s  were in s ign i f i can t .  The Stansf ie ld  e l l i p s e  d i d  become more 

e f f i c i e n t  b u t  the  gain was miniscule.  A t  lower l e v e l s  of  p r o b a b i l i t y  we 

found an increase i n  e f f ic iency ,  b u t  a t  h i g h e r  l e v e l s  t h e  d e n s i t i e s  were 

n e a r l y  e q u a l .  However, a s  we have noted e a r l i e r  i n  S e c t i o n  IV, t h e  

p r o b a b i l i t y  i n  t h e  upper and lower h a l v e s  of  t h e  S t a n s f i e l d  e l l i p s e  i s  

always unequally d i s t r ibu ted .  

T h u s ,  while the Stansf ie ld  e l l i p s e  i s  not the  most e f f i c i e n t  region, i t  

i s  probably very close.  A l s o  since i t  i s  so s imple  and quick t o  f i n d  and 

draw t h e  Stansf ie ld  e l l i p s e ,  i t  i s  a very useful and good approximation. 
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2 9  

V I I I  THE THREE-SENSOR PROBLEM 

The c l i n i c  has approached t h e  three-sensor problem i n  a manner s i m i l a r  

t o  t h e  two-sensor a n a l y s i s .  Our purpose i s  t h e  same, we wan t  t o  f i n d  o u t  

what t h e  t r u e  d e n s i t y  i s  when we d rop  S t a n s f i e l d ' s  p a r a l l e l  d i s p l a c e m e n t  

a s s u m p t i o n .  Our method o f  a n a l y s i s  was t o  d i s c r e t i z e  t h e  c o n t i n u o u s  

p r o b a b i l i t y  d e n s i t y  b y  g e n e r a t i n g  p o i n t  e s t i m a t e s  f o r  e a c h  s e t  o f  t h r e e  

ang le  read ings .  Then, s i n c e  t h e r e  i s  more t h a n  one way t o  g e n e r a t e  p o i n t  

es t ima tes ,  we examined a number o f  methods and used them t o  o b t a i n  d i s c r e t e  

p r o b a b i l i t y  d e n s i t i e s  i n  t h e  x,y plane. 

I n  t h e  two-sensor case, t w o  i n t e r s e c t i n g  fans  form a q u a d r i l a t e r a l .  I n  

t h e  three-sensor  case, though, t h r e e  i n t e r s e c t i n g  fans  w i l l  v i r t u a l l y  n e v e r  

fo rm a usab le  subregion (see f i g u r e  1 4 ) .  Therefore,  we c a n n o t  a p p r o x i m a t e  

t h e  con t inuous  d e n s i t y  as r e a d i l y  as we d i d  i n  t h e  t w o - s e n s o r  c a s e .  We 

decided t o  d i s c r e t i z e  t h e  d e n s i t y  as desc r ibed  i n  t h e  n e x t  paragraph. 

We ass ign  a l l  t h e  p r o b a b i l i t y  o f  each  o f  t h r e e  f a n s  t o  t h e  l i n e s  o f  

b e a r i n g  b i s e c t i n g  them. We assume t h e  s e n s o r s  a r e  i n d e p e n d e n t ,  s o  t h e  

p r o b a b i l i t y  o f  r e t u r n i n g  a p a r t i c u l a r  s e t  o f  t h r e e  r e a d i n g s  i s  t h e  p r o d u c t  

o f  t h e  p r o b a b i l i t i e s  o f  t h e  i n d i v i d u a l  readings.  The t h r e e  l i n e s  o f  b e a r i n g  

form a t r i a n g l e  (see f i g u r e  1 5 ) ,  and we a s s i g n  a l l  t h e  p r o b a b i l i t y  o f  t h e  

s e t  o f  r e a d i n g s  t o  a p o i n t  t o  r e p r e s e n t  t h e  t r i a n g l e .  T h e r e  a r e  s e v e r a l  

ways t o  determine a reasonable p o i n t  t o  use,  and we examined  a number o f  

p o s s i b l e  methods. 

S t a n s f i e l d  develops a maximum l i k e 1  ihood es t ima te ,  h e r e a f t e r  r e f e r r e d  

t o  as t h e  MLE, as a p o i n t  e s t i m a t e  w i t h i n  a t r i a n g l e .  The d e r i v a t i o n  o f  t h e  

MLE proceeds from t h e  j o i n t  normal dens i t y ,  which S t a n s f i e l d  uses because of  

h i s  p a r a l l e l  d isp lacement  assumption. The p r i n c i p l e  o f  maximum 1 i k e l  i h o o d  

e s t i m a t i o n  s t a t e s  t h a t  f o r  a g i v e n  s e t  o f  o b s e r v a t i o n s ,  i n  t h i s  c a s e  t h e  
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angle readings,  we maximize t h e  p r o b a b i l i t y  d e n s i t y  w i t h  r e s p e c t  t o  t h e  

unknown parameters we wish t o  estimate. Here, our  u n k n o w n  p a r a m e t e r s  a r e  

a r e  the x and y coordinates o f  the  p o i n t  est imate.  

These MLE p o i n t s  have some i n t e r e s t i n g  c h a r a c t e r i s t i c s .  W i t h i n  t h e  

t r i a n g l e ,  they a re  general ly  located n e a r e s t  t h e  l i n e  of b e a r i n g  t h a t  i s  

c loses t  t o  the t rue  locat ion of t h e  emi t te r ,  and they a r e  f a r t h e s t  from t h e  

more acute angles of the  t r i ang le .  Stansf ie ld  mentions t h i s  i n  h i s  p a p e r ,  

and our computer ana lys i s  appears t o  confirm his statement.  

We a lso  looked a t  the  "center"  of a t r i a n g l e  a s  a p o i n t  t o  r e p r e s e n t  

the t r i ang le .  There a r e ,  however, a number of ways t o  def ine  the  c e n t e r  of  

a t r i ang le .  The c l i n i c  considered five d i f f e r e n t  approaches t o  de t e rmine  a 

p o i n t  t o  represent a t r i a n g l e  i n  the sense t h a t  the p r o b a b i l i t y  of  t h e  s e t  

of  readings ( d e t e r m i n i n g  t h e  t r i a n g l e )  i s  a s s i g n e d  t o  t h a t  p o i n t .  The 

approaches or methods were the following. 

1) Minimiz ing  the sum of the  distances from each vertex t o  the center  

2 )  Minimizing the sum of the  squares o f  the d i s t a n c e s  from each v e r t e x  

t o  the center 

3 )  Angle bisect ion 

4 )  Intersect ion o f  the medians 

5 )  Perpend icul a r  b i sec t  i o n .  

For acute t r i ang le s ,  a l l  the methods gave center  points  t h a t  l a y  ins ide  

the region, while for obtuse t r iangles ,  the perpendicular b i s e c t i o n  method 

l e f t  us w i t h  a center  p o i n t  located outside the t r i a n g l e .  Although there  i s  

o n l y  a one i n  four chance t h a t  the emitter i s  i n s i d e  a t r i a n g l e  formed b y  

any three  l i n e s  of bearing (see reference l ) ,  t h e  t r i a n g l e  i s  n o n e t h e l e s s  

the  only bounded region i n  which t o  look for the emi t te r .  Therefore ,  s i n c e  

we wanted ths representat ive p o i n t  t o  l i e  i n s i d e  t h e  t r i a n g l e ,  we d i d  no t  
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fu r the r  consider the  method of perpendicular b i sec t ion .  A l s o ,  i t  minimizing 

sums of  squares (method 2 )  and i n t e r s e c t i n g  t h e  medians (method 4 )  gave 

ident ica l  r e s u l t s .  T h u s ,  we wi l l  only d iscuss  methods 1, 2,  and 3. 

The f i r s t  method, minimiz ing  t h e  sum o f  t h e  d i s t a n c e s ,  r e q u i r e s  

min imiz ing  the  funct ion 

+ S ( X 2 - x y  + (y2-y) '  + 

the  v e r t i c e s  of the  t r i a n g l e .  Since 

minimizing D 1  b y  s t a n d a r d  c a l c u l u s  methods i s  e x t r e m e l y  c o m p l i c a t e d ,  a 

computer program was wr i t ten  w h i c h  s ea rched  t h e  t r i a n g l e  for  t h e  x and y 

coordinates  f o r  which the  function D1 was minimized. 

The second method, m i n i m i z i n g  t h e  sum of s q u a r e s  o f  t h e  d i s t a n c e s ,  

proved t o  be qu i t e  simple. I t  required min imiz ing  the  function 

D Z ( X , Y )  = (X1-x)'+(y1-y)' + (x2-x) '+(y2-y) '  + 

( 2 4 )  
( x 3 - x )  z + ( Y 3 - Y )  ' 

Taking the  p a r t i a l  de r iva t ives  o f  02 w i t h  r e s p e c t  t o  x a n d  y and s e t t i n g  

equal t o  zero y ie lds  the  point  estimate 

( x , Y )  = [(x1+X2+X3)/3 , (yl+y2+y3)/3] ( 2 5 )  

The l a s t  m e t h o d  i s  a n g l e  b i s e c t i o n .  I t  r e q u i r e d  f i n d i n g  t h e  

in t e r sec t ion  o f  t he  three  l i n e s  t h a t  b i s e c t  the  angles  o f  the  t r i a n g l e .  

Figure 16  shows where the various methods p u t  t he  r e p r e s e n t a t i v e  p o i n t  

f o r  a p a r t i c u l a r  t r i a n g l e .  

The c l i n i c  tes ted  t o  see how much d i f f e rence  the  s e l e c t i o n  o f  v a r i o u s  

r ep resen ta t ive  poin ts  would have on the d i s c r e t i z a t i o n  o f  t h e  p r o b a b i l i t y  

dens i ty .  

We crea ted  point  clouds,  a s s o c i a t i n g  p r o b a b i l  i t i e s  w i t h  each  p o i n t .  

These poin t  clouds were created b y  varying t h e  l i n e s  of bearing from each of  
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the  th ree  sensors b y  ) o  between +3a  and - 3 .  T h u s ,  f o r  each  s e n s o r ,  13 

l i n e s  of bearing were produced, which i n  turn crea ted  133 or 2197 d i f f e r e n t  

t r i a n g l e s .  Then, w i t h i n  each t r i a n g l e ,  we c a l c u l a t e d  t h e  r e p r e s e n t a t i v e  

p o i n t s .  

F o r  purposes  o f  compar ison ,  we ana lyzed  t w o  c a n d i d a t e s  f o r  t h e  

representa t ive  p o i n t ,  S t a n s f i e l d ' s  MLE and the  geometric c e n t e r  d e f i n e d  b y  

the  sum of squares of  t h e  d i s t a n c e s .  We used t h e  sum of  s q u a r e s  method 

because of i t s  r e l a t i v e  ease i n  programming. 

In o r d e r  t o  de t e rmine  a d i s c r e t e  approx ima t ion  of  t h e  c o n t i n u o u s  

dens i ty ,  we f i r s t  s p l i t  t he  a rea  o f  t h e  p l a n e  c o n t a i n i n g  t h e  p o i n t  c loud  

i n t o  a 40 b y  4 0  g r i d  of  r e c t a n g l e s .  W i t h i n  each  o f  t h e  r e s u l t i n g  1 6 0 0  

r ec t ang le s ,  we tabulated the  number of po in ts  ( i f  any) contained and summed 

the  p r o b a b i l i t i e s  associated w i t h  each point .  This sum o f  p r o b a b i l i t i e s  was 

then assigned t o  the rec tangle .  

To ca l cu la t e  the  s i z e  of a region a t  a p a r t i c u l a r  p robab i l i t y  l e v e l ,  we 

summed the  rec tangles  of highest  p robabi l i ty  u n t i l  we reached  t h e  d e s i r e d  

l eve l .  The a rea  of the  p robab i l i t y  region i s  simply t h e  sum of  t h e  areas  of 

the  r ec t ang le s ,  which a r e  a l l  of uniform s i z e .  

Our r e s u l t s  show t h a t  the  choice of p o i n t  e s t ima te  makes a g r e a t  dea l  

of d i f f e rence  i n  the  na ture  of r e su l t i ng  p o i n t  c l o u d s  and in  t h e  a r e a s  o f  

corresponding p robab i l i t y  regions ( s e e  f i g u r e s  1 7  and 1 8  f o r  examples o f  

point  c louds) .  The area comparisons ( t a b l e s  7 and 8)  show t h i s  c l e a r l y .  

Note t h a t  even t h o u g h  t h e  a r e a s  o b t a i n e d  u s i n g  t h e  MLE p o i n t s  a r e  

smal le r ,  i t  does not necessa r i ly  mean t h a t  t he  method provides "bes t "  points  

t o  choose f o r  our purposes. I t  i s  not  c e r t a i n  which d i s c r e t i z e d  d e n s i t y  

most accu ra t e ly  r e f l e c t s  the  t r u e  dens i ty  i n  the  x,y plane.  

We would suggest t h a t  fu r the r  work on this  problem be d i r e c t e d  toward 
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finding the true density function, as was done in the two-sensor case, by 

means of a transformation that would  map the three angle readings to 

coordinates in the x,y plane. The formulation of this mapping is still 

uncertain, since these different point clouds represent competing 

definitions of the transformation needed, and it i s  not clear which of these 

transformations is most appropriate. 
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50,110,69 

50,60,41 

40,150,-58 

85,95,84 

10689 5 984 2813 

157759 882 3 9 42782 

1110 600 257 

396899 224619 95 954 

Angle r e a d i n g s  

80,110,69 

50,60,41 

-------------- 

40,150, -58 

85,95,84 

Angle r e a d i n g s  

80,110,69 
-------------- 

50,60,41 

40,150, -58 

85,95,84 

Percentage d i f f e r e n c e  

0.9 0.75 0.5 

1.7 9.4 16.4 

39.5 50.2 54.9 

9.1 21.5 42.0 

25.7 33.8 56.6 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

S t a n s f i e l d  e l  1 ipses 

220152 123544 66272 

1211 729 365 

499087 300480 150240 

I n  these  cases t h e  S t a n s f i e l d  e l l i p s e  i s  LARGER than  t h e  c o r r e s p o n d i n g  G r i d  
r e g i o n  b y  t h e  g i v e n  percentage. 
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Angle readings 

80,110,69 
-------------- 

50,60,41 

85,95,84 

35 

Level of p r o b a b i l i t y  
0.9 0.75 0.5 

20630 11269 4334 

455157 273093 136546 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

3668714 1590094 564417 

TABLE 8 
A R E A  COMPARISONS 

Angle readings 

80,110,69 

50,60,41 

85,95,84 

-------------- 
Level of probabi l i ty  

0.9 0.75 0.5 

10877 65 94 32 74 

2201 52 132544 66272 

499087 300480 150240 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Stansf ie ld  e l l i p ses  

Angle readings -------------- 
ao ,iio,69 

50,60,41 

85,95,84 

Level of probabi l i ty  
0.9 0.75 0.5 ....................................... 

-47.3 -41.5 -24.5 

-51.6 -51.5 -51.5 

-86.4 -82.2 -73.4 

Percentage difference 

In these cases ,  the  Stansf ie ld  e l l i p s e  i s  SMALLER than t h e  c o r r e s p o n d i n g  
Grid region by the  given negative percentages. 
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IX SYSTEMATIC E R R O R  

The previous sec t ions  of t he  report discussed random e r r o r s  i n  p a s s i v e  

sensors .  This sec t ion  examines s y s t e m a t i c  e r r o r s  i n  a c t i v e  s e n s o r s .  An 

ac t ive  sensor r epor t s  d i s tance  a s  well a s  d i r e c t i o n .  

For t h i s  model t he re  i s  o n l y  one s enso r ,  which r e t u r n s  d i r e c t i o n  and 

d is tance  readings a t  point  P1 ( see  f igure 1 9 ) .  I t  i s  then moved a d i s t a n c e  

D t o  point  P2, and r e tu rns  new readings. The two measured d i r ec t ion  readings 

form the  angles a and 8 and the  two d is tance  readings o r i g i n a t e  a t  P 1  and P2 

and a r e  labeled D 1  and  02. 

We assume the  readings the  sensor r e t u r n s  may be wrong. As an example, 

i n  f i gu re  19,  i t  i s  c l e a r  the  d i r e c t i o n  a n d / o r  d i s t a n c e  r e a d i n g s  a r e  o f f  

s ince  the  readings a t  point  P 1  do not agree w i t h  t he  r e a d i n g s  a t  p o i n t  P2.  

We assume the re  a r e  no random e r r o r s ,  b u t  on ly  sys tmat ic  e r r o r s  a s s o c i a t e d  

w i t h  t he  s e n s o r  which a r e  t h e  same a t  bo th  l o c a t i o n s .  That i s ,  i f  t h e  

sensor r epor t s  a d i r ec t ion  reading which a c t u a l l y  d e v i a t e s  b y  E d e g r e e s  a t  

point P 1 ,  i t  will r epor t  a d i r ec t ion  reading devia t ing  by E degrees a t  p o i n t  

P2. Likewise, how f a r  the  d is tance  reading i s  o f f  a t  p o i n t  P 1  i s  how f a r  

the  d is tance  reading will be o f f  a t  p o i n t  P2. 

We f i r s t  examine the  d i rec t iona l  e r r o r ,  d i s r ega rd ing  d i s t a n c e  f o r  t h e  

moment. In f igu re  20,  we see t h a t  i f  a and 8 a r e  t h e  t r u e  b e a r i n g s ,  t h e  

emi t te r  wil be located a t  p o i n t  E. B u t  i f  t he  d i r ec t iona l  e r r o r  i s  E, t h e  

emi t te r  wil be located a t  p o i n t  E ' .  We continue i n  t h i s  fashion,  producing 

a number of po in ts  which would indicate the  t r u e  loca t ion  o f  the  emi t t e r  for 

several  d i r ec t iona l  e r r o r s .  We then f i n d  t h e  Lagrange polynomial u s i n g  

these  generated points .  We now have the  equation o f  a c u r v e ,  somewhere o n  

which t h e  emi t te r  i s  t r u l y  located.  

Now we examine d is tance  e r r o r ,  In f igu re  21, we see  t h a t  i f  D 1  and D 2  
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a r e  indeed t h e  true d i s t ances ,  then the e m i t t e r  must be l o c a t e d  a t  e i t h e r  

point  E o r  F. B u t  i f  t h e  d i s t ance  e r ro r  i s  6 ,  t h e  emi t t e r  would be l o c a t e d  

a t  e i t h e r  E '  o r  F ' .  We continue producing points  which would i n d i c a t e  the  

t r u e  l o c a t i o n  o f  t h e  e m i t t e r  i f  the d i s t a n c e  e r r o r  were v a r i o u s  g i v e n  

amounts. We assume t h a t  i n  p r ac t i ce  some points  can be disregarded,  such a s  

F and F ' ,  because i t  may be c l e a r  t h e  e m i t t e r  i s  n o t  l o c a t e d  i n  t h a t  

d i r ec t ion .  We then f i n d  the Lagrange polynomial using the  generated points .  

As i n  the  d i r e c t i o n a l  e r r o r  c a s ? ,  we now have t h e  e q u a t i o n  o f  a c u r v e ,  

somewhere on which t h e  emit ter  is t r u l y  located.  

So now we say the  t r u e  locat ion of  t he  emi t t e r  i s  somewhere on c u r v e  1 

(f igure 22) ,  b u t  a l s o  somewhere on curve 2. T h e r e f o r e ,  t h e  t r u e  l o c a t i o n  

must be a t  t h e  in t e r sec t ion  o f  these two curves.  
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APPENDIX 

The CGS/CMC Mathematics C l i n i c  d iscovered an e r r o r  i n  t h e  paper b y  R.G. 

S t a n s f i e l d ,  p u b l i s h e d  i n  t h e  J o u r n a l  o f  t h e  I n s t i t u t i o n  o f  E l e c t r i c a l  

Engineer ing,  volume 94, P a r t  I I I A ,  1947, under t h e  t i t l e  " S t a t i s t i c a l  Theory 

o f  D.F. F i x i n g " .  

The e r r o r  i s  i n  e q u a t i o n s  (15) and ( 1 6 ) ,  p. 768,  w h i c h  g i v e  t h e  

c o e f f i c i e n t s  f o r  t h e  e l l i p t i c a l  conf idence r e g i o n  i n  t h e  x,y p lane.  As t h e y  

s tand now, t h e  equa t ions  a r e  

1 

a 2  
(15)  - = 2X - *and 

1 

b 2  
( 1 6 )  - = Zp + vtan0 

They should be 

1 

a z  
( 1 5 )  - = X - v tan0  

1 

b 2  
( 1 6 )  - = p + v tan0  

The m a t h e m a t i c a l  d e r i v a t i o n  o f  ( 1 5 )  and ( 1 6 )  p r o c e e d s  as  f o l l o w s .  

S t a r t i n g  w i t h  ( l l ) ,  p. 768, 

1 
1 - 

P(x,y) dxdy = - $- xp - V*  e x p [ - i ( A x z  - Zvxy + uyz) ]  dxdy 
ZIT 

S t a n s f i e l d  t r a n s f o r m s  t h e  d e n s i t y  t o  a s y s t e m  o f  X , Y  c o o r d i n a t e s  r o t a t e d  

th rough  an ang le  0, where 0 i s  g iven  b y  

-2 v 
t a n  20 = - 

A - v  

The t r a n s f o r m a t i o n  i s  g i v e n  b y  (nex t  page) 
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x = Xcos0 - Ysin0 

y = Xsin0 + Ycos0 

1 1 

a z  b 2  
Th is  changes x x z  - 2 V x y  + p y z  i n t o  -Xz + -Y2 where 

1 
- =  xcos20 - 2vcos0sin0 + p s i n z @  

a t  

By t h e  d e f i n i t i o n  o f  t a n  20, we know t h a t  

2v 

t a n  20 
p = h +  

1 2v 
- = xcos20 + ( A  + 
a z  tan 20 

so t h a t  ) s i n z O  - 2vcos0sinO 

2 

t a n  20 
= ~ ( c o s ~ 0  + s i n 2 0 )  + us in0(  5 

1 - t a n 2 0  
= x + vs in0(  s i n 0  - 2cosb 

t a n  0 

n0 - 2cos0 ) 

2tan 0 
s ince  t a n  20 = . Continuing 

1 - t a n 2 0  

1 c050 

az  s i n g  
- =  x + ~ s i n 0 [ ( 1 - t a n ~ 0 ) ( - ) s i n 0  - 2cos01 

= A + vsin0[cos0(1 - tanzO - 2 ) ]  

= X + vsin0[-cos0(tan20 + l ) ]  

= X - vsin0(cos0 sec20) 

1 

cos * 0  
= A - vsin0(cos0- 1 

= X - utan0 
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1 
The computations f o r  - proceed almost i d e n t i  

b 2  
1 ins tead  o f  p 

2v 

t a n  20 
x = u  - 

40 

11 ly, except we r e p 1  ace  

1 2v 

b 2  t an  20 
so - = (u  - ) s i n 2 0  + pcOszO + 2 cosbsin0 

2 

t a n  20 
= p ( c 0 s 2 0  + s inzO)  - vs in0 (  s i n 0  - 2cos0 ) 

1 - t a n 2 0  

t a n  0 
= u - v s i n d (  s in0 - 2cos0 ) 

1 - t a n * 0  

2tan 0 
s i n c e  tan  20 = . Continuing 

1 

b 2  
- =  u - v s i n 0 [ ( l  - tan20)cos0 -  COS^] 

= u - v s i n 0  cos0(- tan20 - 1 )  

= u + v s i n d  cos0 seczO 

= p + v t a n 0  

Therefore,  we a s s e r t  t h a t  equations ( 1 5 )  and (16) should be 

1 

a 2  
(15) - = A - v t a n 0  

1 

b f  
(16) - = u + v t a n 0  
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FIGURE 1 1 

ALPHA = 50’ 

BETA = 60’ C L I N I C  REGIONS 

N 
225.041 2!32.14 d79.28 d06.42 933.57 $60 71 $67.85 d15.00 
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FIGURE 16 

.B 

8C 

.D 

A) MINIMIZE SUM OF DISTANCES 
6) MINIMIZE SUM OF SQUARED DISTANCES 

C) ANGLE BISECTION 
0) PERPENDICULAR BISECTION 

(= INTERSECTION OF THE MEDIANS) 
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FIGURE 18 
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FIGURE 20 
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